In 1955 Hall and Paige conjectured that a finite group is admissible, i.e., admits complete mappings, if its Sylow 2-subgroup is trivial or noncyclic. In a recent paper, Wilcox proved that any minimal counterexample to this conjecture must be simple, and further, must be either the Tits group or a sporadic simple group. In this paper we improve on this result by proving that the fourth Janko group is the only possible minimal counterexample to this conjecture: John Bray reports having proved that this group is also not a counterexample, thus completing a proof of the Hall-Paige conjecture.
their constructions they used bijections θ, η : T → T , T a dual transversal of a subgroup H of G, satisfying tθ(t)H = η(t)H for all t ∈ T , to extend complete mappings of H to complete mappings of G: Aschbacher [2] calls {H, T , θ, η} an HP-system.
A number of classes of groups have since been proved to be admissible: Sz (2 2n+1 ), SU (3, q 2 ) for q even, and PSU (3, q 2 ) for q even by Di Vincenzo [9] ; the Mathieu groups by Dalla Volta and Gavioli [7] ; and most linear groups in papers by Saeli [15] , Dalla Volta and Gavioli [7, 8] , and Evans [10, 11] . Aschbacher [2] took a different approach by studying possible minimal counterexamples to the Hall-Paige conjecture. He proved that any minimal counterexample G to the Hall-Paige conjecture must have a quasisimple normal subgroup L for which C G (L) and G/L are cyclic 2-groups. He showed that it was sufficient to construct HP-systems for almost simple groups to prove the Hall-Paige conjecture, and he constructed such systems for many almost simple groups with minimal normal subgroups of Lie type, and for almost simple groups whose minimal normal subgroups are Mathieu groups.
In a recent paper, Wilcox [16] improved on Aschbacher's results by proving that any minimal counterexample to the Hall-Paige conjecture must be a simple group. Further, using double cosets, he was able to show that any minimal counterexample to the Hall-Paige conjecture must be either the Tits group or a sporadic simple group.
The Mathieu groups have already been dealt with: Aschbacher [2] proved that they could not be minimal counterexamples to the Hall-Paige conjecture, and Dalla Volta and Gavioli [7] proved them to be admissible. This leaves 22 possible minimal counterexamples to the Hall-Paige conjecture. In this paper we use Wilcox's methods to further reduce the list of possible minimal counterexamples to the Hall-Paige conjecture to just one; J 4 . Bray [4] has proved that J 4 is not a counterexample to the conjecture, and so the Hall-Paige conjecture has now been proved. In this paper we will use the notation for groups given in the Atlas of Finite Groups [6] .
Double cosets and admissibility
Let G be a finite group, H a subgroup of G, G/H the set of right cosets of H in G, and D = {H g H | g ∈ G} the set of double cosets of H in G. The double cosets of H in G partition the element set of G. Each D ∈ D is a union of elements of G/H and D∈D |D|/|H| = |G|/|H|. We will make considerable use of the following results on double cosets and admissibility due to Wilcox [16] .
Lemma 1. Suppose that H is an admissible subgroup of a finite group G, and that D is the set of double cosets of H in G. If there exist bijections
Proof. See Corollary 15 in [16] . 2
We will call {D, φ, ψ} in Lemma 1 a W-system, and we will say that a W-system {D, φ, ψ} is a simple W-system if φ and ψ are equal to the identity mapping as in the following lemma. Proof. As an example, we will show that T = 2 F 4 (2) , the Tits group, and H N, the Harada-Norton group, are not minimal counterexamples to the Hall-Paige conjecture.
Theorem 1. T is not a minimal counterexample to the Hall-Paige conjecture.
Proof. Using the permutation representation of degree 1600 given in [17] , we verified the following using magma. In the description given in [17] , T is generated by two elements, 
Then H is a maximal subgroup of T of index 1600, and is an HP-group. The set of double cosets of H
, where
4 , Proof. Using the permutation representation of degree 1,140,000 given in [17] and built into magma, we verified the following using magma. In the description given in [17] , H N is generated by two elements, x and y, and these satisfy the relations x 
Doubly transitive sporadic simple groups
Doubly transitive groups can be dealt with using the fact that a group G acts doubly transitively on a set X if and only if the set of double cosets of G x in G has order 2, where G x is the stabilizer of a point x ∈ X .
Lemma 4. If H is a point-stabilizer in a doubly transitive permutation representation of a finite simple group G and H is admissible, then G is admissible.
Proof. If G acts doubly transitively on a set X and H = G x , for some x ∈ X , then the set of double cosets of H in G is D = {H, D}. Clearly H is W-simple. To prove that D is W-simple we will assume the contrary, and thus g 2 ∈ H for all g ∈ G. In particular, if |g| is odd, then g ∈ H . Let K be the subgroup of G generated by the set of odd-order elements of G. K is a nontrivial characteristic subgroup of G and is contained in H , contradicting the simplicity of G. Thus D is W-simple and the result then follows from Lemma 2. 2
In Lemma 4, if G is not assumed to be simple, then an alternative proof that D is W-simple can be given in the case that |G :
Theorem 3. The groups HS and Co 3 are not minimal counterexamples to the Hall-Paige conjecture.
Proof. The group HS has a doubly transitive permutation representation of degree 176 with pointstabilizer isomorphic to U 3 (5) : 2, and the group Co 3 has a doubly transitive permutation representation of degree 276 with point-stabilizer isomorphic to McL : 2. In each case, the point-stabilizer is an HP-group. The result then follows from Lemma 4. 2
It should be noted that from Lemma 4 we can obtain yet another proof that none of the Mathieu groups are minimal counterexamples to the Hall-Paige conjecture. We can also obtain from Lemma 4 an alternative, inductive, proof that the alternating groups are admissible: A 4 is admissible, and, for n 5, A n has a natural doubly transitive permutation representation with point-stabilizer isomorphic to A n−1 .
Rank-3 sporadic simple groups
If G acts transitively on a set X , then this action extends naturally to an action on X × X . The orbits of this action are called orbitals, and their number is the rank of this permutation representation. The orbital {(x, x) | x ∈ X} is the trivial orbital. If {E 1 , . . . , E r } is the set of orbitals and H = G x for some x ∈ X , then the sets
This establishes one-one correspondences between the set of orbitals, the set of orbits of H on X , and the set of double cosets of H in G: the trivial orbital corresponds to the trivial double coset of H in G.
To each orbital E we associate a paired orbital 
Let E 1 , E 2 , E 3 be the orbitals in a rank-3 permutation group G on X , E 1 the trivial orbital. Let H = G x for some x ∈ X , let O 1 , O 2 , O 3 be the orbits of H on X corresponding to the orbitals E 1 , E 2 , E 3 , respectively, and let w ∈ O 2 and z ∈ O 3 . If |G| is even, then E 2 and E 3 are selfpaired. As in Aschbacher [1] , we set n = |X|, k = |O 2 |, l = |O 3 |, λ = |{y ∈ O 2 | (w, y) ∈ E 2 }|, and
are the parameters of the rank-3 graph G E 2 , and the corresponding parameters for
Lemma 6. Let G be an even-order, rank-3 permutation group, with point-stabilizer H , and parameters
Proof. Let E 1 , E 2 , E 3 be the orbitals of an even-order, rank-3 permutation group G, where E 1 is the trivial orbital, let the parameters of G E 2 be (n, k, l, λ, μ), and let H be a point-stabilizer. Direct computation shows that A Proof. From the collapsed adjacency matrices in [14] we can read off the parameters for rank-3 permutation representations of these groups: k = A . These parameters are displayed in Table 1 .
We note that in each case the point-stabilizer, H , is an HP-group, λ > 0, and l − k + μ − 1 > 0. The result then follows from Lemma 6. 2 
Rank-4 and rank-5 sporadic simple groups
Praeger and Soicher [14] give collapsed adjacency matrices for permutation representations of sporadic simple groups of rank 5 or less: this is a particularly useful resource as a number of proofs that a given sporadic simple group is not a minimal counterexample to the Hall-Paige conjecture can be deduced from these matrices. From the collapsed adjacency matrices in [14] we see that From the collapsed adjacency matrices in [14] we see that So far every W-system, used in our proofs, has been a simple W-system. The following lemma allows us to construct other W-systems. From the collapsed adjacency matrices in [14] we see that The groups Th, B, and M can be handled using the GAP-database in [5] . In this database a different definition of collapsed adjacency matrices is used. The ijth entry of a kth collapsed adjacency matrix in [5] . If the kth orbital is self-paired, then the kkth entry of the kth collapsed adjacency matrix will be the same in either definition.
Theorem 5. O N, Ly, and Co 1 are not minimal counterexamples to the Hall-Paige conjecture.

Proof. O N has a rank-5 permutation representation of degree 122,760 with point-stabilizer
A 1 11 = 1,Lemma 7. If A k kj > 0, then D 2 k ⊇ D j . Proof. If A k kj > 0, then there exist edges (x, x g ), (x g , x hg ) ∈ E k for some g, h ∈ D k , where hg ∈ D j . Then D 2 k = HhH H g H ⊇ Hhg H = D j . 2A 1 11 = 1,
Theorem 7. Th, B, and M are not minimal counterexamples to the Hall-Paige conjecture.
Proof. The GAP-database in [5] We used the GAP-database in [5] and the GAP-program in this database to compute the collapsed adjacency matrices for this representation from the character table in GAP for Th. Translating from the definition of collapsed adjacency matrices used in the database to the definition of collapsed adjacency matrices used in this paper and in [14] we found the following. The GAP-database in [5] contains four permutation representations of B. The third representation is a rank-10 permutation representation of degree 11, 707, 448 We used the GAP-database in [5] and the GAP-program in this database to compute the collapsed adjacency matrices for this representation from the character table in GAP for B. Translating from the definition of collapsed adjacency matrices used in the database to the definition of collapsed adjacency matrices used in this paper and in [14] we found the following. The GAP-database in [5] We used the GAP-database in [5] and the GAP-program in this database to compute the collapsed adjacency matrices for this representation from the character table in GAP for M. Translating from the definition of collapsed adjacency matrices used in the database to the definition of collapsed adjacency matrices used in this paper and in [14] we found the following. In this section we will see that the distribution of elements of order 3 can play an important role in determining that a given group is not a minimal counterexample to the Hall-Paige conjecture. Using the rank-22 permutation representation of J 1 and the rank-14 permutation representation of J 3 , we will prove that neither of these groups can be a minimal counterexample to the Hall-Paige conjecture. Proof. Using the permutation representation of degree 266 for J 1 given in [17] , we verified the following using magma. In the description given in [17] , J 1 is generated by two elements, x and y, that satisfy the relations x Using the permutation representation of degree 6156 for J 3 given in [17] , we verified the following using magma. In the description given in [17] , J 3 is generated by two elements, x and y, that satisfy the relations To summarize: Wilcox [16] proved that any minimal counterexample to the Hall-Paige conjecture must be either the Tits group or a sporadic simple group, and we have shown that neither the Tits group nor any sporadic simple group can be a minimal counterexample, with the possible exception of J 4 . Bray [4] has computed the collapsed adjacency matrices for the permutation representation of J 4 of degree 3,980,549,947 with point-stabilizer isomorphic to 2 1+12 + . 3M 22 : 2, and from this has determined that J 4 is not a minimal counterexample to the Hall-Paige conjecture. Thus, the HallPaige conjecture has been proved.
